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It is shown that the size effect recently observed by Espinosaet al., fJ. Mech. Phys. Solids51, 47
s2003dg in pure tension tests on free thin metallic films can be explained by the existence of a
boundary layer of fixed thickness, located at the surface of the film that was attached onto the
substrate during deposition. The boundary layer is influenced by the epitaxial effects of crystal
growth on the dislocation density and texturesmanifested by prevalent crystal plane orientationsd.
This influence is assumed to cause significantly elevated yield strength. Furthermore, the observed
gradual postpeak softening, along with its size independence, which is observed in short film strips
subjected to pure tension, is explained by slip localization, originating at notch-like defects, and by
damage, which can propagate in a stable manner when the film strip under pure tension is
sufficiently thin and short. For general applications, the present epitaxially influenced boundary
layer model may be combined with the classical strain-gradient plasticity proposed by Gaoet al., fJ.
Mech. Phys. Solids47, 1239s1999dg, and it is shown that this combination is necessary to fit the
test data on both pure tension and bending of thin films by one and the same theory. To deal with
films having different crystal grain sizes, the Hall–Petch relation for the yield strength dependence
on the grain size needs to be incorporated into the combined theory. For very thin films, in which
a flattened grain fills the whole film thickness, the Hall–Petch relation needs a cutoff, and the
asymptotic increase of yield strength with diminishing film thickness is then described by the
extension of Nix’s model of misfit dislocations by Zhang and ZhoufJ. Adv. Mater.38, 51 s2002dg.
The final result is a proposal of a general theory for strength, size effect, hardening, and softening
of thin metallic films. ©2005 American Institute of Physics. fDOI: 10.1063/1.1861150g

I. INTRODUCTION

Recently, an extremely strong size effect was found in
pure tension experiments on freestanding submicrometer
gold thin films tested at Northwestern University by Espi-
nosaet al. 1–6 The tested gold films possessed an average
grain size of 200 nm, independent of the thin film thickness.
A similar size effect was also observed in other fcc metals
such as Cu and Al. A strengthening size scale of one over
film thickness was identified by Espinosaet al.5 Their find-
ings constitute direct evidence for the existence of a strength-
ening mechanism other than that arising from misfit disloca-
tions, and are consistent with similar observations in Ref. 7.
Another similar observation has been made by Haque and
Saif.8–11 In this case, however, the grain size varied with film
thickness.

Although many microlevel tests have been carried out
and analyzed since 1990, the size effect behavior revealed by
the pure tension tests differs in three ways.

s1d In the previous microtorsion, microbending, microinden-
tation tests, the size effect observed could be fully ex-
plained, in one way or another, as an effect of the strain
gradient. However, in the pure tension tests of thin films,
such an explanation is next to impossible because the

gradient of total strain vanishes and the gradient of the
plastic part of strain, which can be nonzero due to yield
limit variation across the film thickness, is too small to
explain the large size effect seen in experiments.

s2d The observed size effect is exceedingly strong. When
the thickness of the thin film is decreased from 1 to 0.5
µm, the yield stress more than doubles.1–6

s3d The nature of the size effect is different. In the previous
microtorsion, microbending, and microindentation tests,
the size effect is manifested mainly as the differences in
nominal stress in the hardeningsprepeakd regime at the
same value of plastic strain in geometrically similar
specimens of different sizes. In the pure tension experi-
ments, however, the size effect is manifested mainly as
the thickness dependence of nominal strength of the film
srepresenting the maximum average stress or the effec-
tive yield stressd.

Because of these differences, a model is needed to ex-
plain the experimental results. The exact mechanism leading
to the observed size effect is not yet known. Espinosaet al.5

proposed an explanation based on a declining number of
dislocation sources in the volume considered, the decline be-
coming more severe as the number of grains through the
thickness decreases. This mechanism is consistent within
situ transmission electron microscopysTEMd observations ofadElectronic mails: z-bazant@northwestern.edu
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plastic deformation in Cussee, for instance, Ref. 12 and the
references in this studyd, which also highlight that even when
dislocations become mobile, they disappear at grain bound-
aries and, therefore, their sources are ineffective. Both of
these effects, a limited number of sources and their ineffec-
tiveness, result in very limited film ductility. Another source
of limited ductility is the existence of annealing twins in
certain grainssFig. 1d. Such twins represent obstacles to dis-
location motion and thus such act as strong local hardening
effects. The existence of grains possessing twins with an av-
erage spacing of 30 nm was observed not only in Au but also
in Cu thin films.5

This study presents a plausible explanation of the ob-
served size effect based on a simpleboundary layer model
based on the following ideas.

s1d The freestanding thin film contains, on the substrate side
si.e., the side of film that was, during deposition, in con-
tact with the substrated, a boundary layer in which the
yield strength is higher than in the rest of the film. Un-
like the existing strain-gradient theories of micrometer-
scale plasticity, the elevated yield strength can be ex-
plained as an indirect consequence of granular epitaxial
crystal growth13 on a substrate of different crystallo-
graphic properties than the metallic film. There are two
reasons.

sad Because the epitaxial constraint causes the crystal
structure near the substrate to be strained, the film
is formed with a significantlyelevated density of
dislocations near the substrate side, and an in-
crease of dislocation density is known to be the
cause of plastic hardening.

sbd The epitaxial constraint further promotes adiffer-
ence in texturenear the substrate side, character-
ized by a preferred orientation of crystallographic
planes that is unfavorable to dislocation glide un-
der axial tension. Evidence for texture develop-
ment can be seen in the pole figure reported in Ref.
5. Figure 2 shows a comparison of texture mea-
sured in 1-µm-thick and 0.3-µm-thick films. Note
that the degree ofk111l texture decreases as the
thickness increases.

s2d The presence of the epitaxially influenced boundary
layer makes possible strain-softening behavior for suffi-
ciently small length and thickness of the film.

Granular epitaxy means that the epitaxial nucleation and
formation of multiple grains during e-beam evaporation13 af-
fects not only the atoms on the substrate, but also the crys-
tallographic plane orientation through the entire grain in con-
tact with the substrate. In what follows, the term epitaxy is

FIG. 1. Annealing twins in certain grains: plane view of
0.2-µm-thick Cu film sleftd and cross-sectional view of
1-µm-thick Au film srightd.

FIG. 2. Comparison of texture measured in 1-µm-thick stopd and 0.3-µm-
thick sbottomd films.
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simply used for the sake of simplicity, but it should be un-
derstood that it refers to polycrystalline films rather than
single crystals.

In support of points1bd, note that although the inter-
atomic potentials of the atoms of the substrate can directly
influence the deposition of the film only to the depth of sev-
eral atomss,3 nmd, which is insignificant for the films con-
sidered, the substrate may be expected to indirectly influence
the preferred crystallographic orientations of the whole
grains in contact with the substrate, which typically have
dimensions of the order of 1µm. While, in bulk, all the
spatial orientations are equally represented, near the surface,
certain orientations predominate. In particular, the crystallo-
graphic planes permitting dislocation glide may be expected
to have a prevalent orientation normal or parallel to the sub-
strate surface, while the planes of dislocation glide that cause
plastic normal strain in the axial direction of the film strip are
those that have a preferred 45° inclination because this is the
inclination of the plane of the maximum shear stress under
uniaxial tension.

Since the details of various manufacturing processes af-
fect the dislocation distribution, they will also affect the pa-
rameters of the recent epitaxially influenced,sbriefly, epitax-
iald boundary layer model, while in other existing models the
parameters are assumed to depend on the material type only.

A possible small effect of the width of a film stripsEs-
pinosa et al.5d is neglected in this study, for the sake of
simplicity and because it is minor compared to the scatter of
experimental data.

II. TESTING METHODS AND EXISTING MODELS

Many testing methodologies have been developed to ex-
amine the mechanical properties of thin films, ranging from
the widely used classical thermomechanical tests of thin
films on a substrate7,14,15to the uniaxial pure tension tests of
thin films on flexible polyimide substrate.16,17 Microindenta-
tion tests have also been used to estimate the strength of thin
films.14 Recently, pure uniaxial tension tests of free-standing
thin films became possible.1–6,8–11,18

In the thermomechanical tests, the thin films are under
biaxial tension or compression. Conversion to uniaxial com-
pression or tension can be made if the hydrostatic pressure
has no effect. However, it should be mentioned that the pres-
ence of a strain gradient in these tests may cause extra hard-
ening compared with the uniaxial tests.19 This was modeled
in Ref. 20 using Acharya and Bassani’s21 strain-gradient
plasticity theory.22 In Ref. 23, a nonlocal model based on the
strain-gradient theory of crystal viscoplasticity24 was pro-
posed and applied to thermomechanical tests.

During the initial stage of loading, metallic thin films
are, in general, linearly elastic, and the effective Young’s
modulus is normally size independent.1–5,18 Because an in-
crease of porosity causes a decrease of Young’s modulussas
shown in Ref. 25 for a foamd, measurements of small
changes of Young’s modulus can be used to reveal the qual-
ity of a thin film salthough for anisotropic crystals such as

those of gold, the texture of the thin film also affects its
Young’s modulusd. The present study, however, deals only
with perfectly dense thin films.

Similar to metals on the macroscale, the elastic stage in
thin films is followed by a stage of plastic yielding. Two
behaviors were observed:5 sid yielding with a very high hard-
ening rate, andsii d necking due to stable postpeak softening
throughout the thickness. This, along with the strong size
effect on the yield strength, is the main focus of this article.

The size effect is the dependence of nominal strength on
the ratio of film thicknessD to the grain sized, which may
be regarded as the characteristic length of the material. The
film can be thinner than the naturalsunrestrictedd grain size
d, and what in that case matters for size effect is the sizeh of
the flattened grain in the transverse direction, which is equal
to the film thickness:h=D ssee Fig. 3d. The size effect is the
dependence of nominal strength on the ratioD /h, where

h = minsD,dd. s1d

Sinceh is the minimum dimension of the crystals, it is cho-
sen as the intrinsic material length for the thin film. Note that
the ratioD /h characterizes the number of grains through the
thickness. In this sense, it quantifies the discreteness of the
system.

The size effect on yield strengthsY of thin films is usu-
ally explained by two models:s1d Nix’s15 model of thin films
based on misfit dislocations, ands2d the Hall–Petch relation
for metals in the bulk.26 The measured yield strength is af-
fected by the boundary conditions. Thus, one must distin-
guish the films on a substrate and the free-standing films.
The yield strength also affected by the effect of a passivation
layer and the stiffness of substrate.

Nix15 extended the misfit dislocation analysis presented
in Ref. 27 and developed a formula to estimate the biaxial
yield strength of a single-crystal thin film on a substrate.
Nix15 argued that the strength of the free-standing thin films
is negligible compared to the contribution of the constraints
of the substrate and oxide layers. However, the data on the
yield stress of free-standing thin films available at that time
were later found to be misleading.

Nix’s model of thin films on a substrate was recently
extended to free-standing thin films.28 Although this model
takes properly into account the dimensional constraints, it
overpredicts the effect of boundary conditions compared to
the recent experimental results, which show that free-
standing thin films are almost as strong as thin films on
substrates.1–5,8–11

FIG. 3. Film thicknessD, natural grain sized, and size of flattened grainh
whenD,h.
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The Hall–Petch relation readssY~d−1/2, and the ques-
tion is whether this relation is valid for films thinner than the
natural grain size; that is, forD,d. In that case, in which
D=h= thickness of a flattened grain in the transverse direc-
tion, the Hall–Petch relation can fit the data well enough for
only a small size range. Venkatraman and Bravman7 carried
out tests on not too thin films withD.d, while keepingd
approximately constant, and found the tests to fit the relation
sY~d−1. As mentioned in Sec. I the same functional depen-
dencesY~d−1 was identified by Espinosaet al.5 in free-
standing gold films. Therefore, there is a size effect, as a
function of D /h, and it cannot be explained by the Hall–
Petch relation.

III. HARDENING RELATION AND DISLOCATION
DENSITY

It is known that both very low and very high dislocation
densities lead to an extremely high yield strength.29 In mac-
roscale plasticity, the plastic strain intensity, a strain tensor
invariant that serves as an argument of the plastic hardening
function, is known to depend on the density of the statisti-
cally stored dislocationssi.e., arrays of dislocations whose
signs cancel each otherd. Gao et al.30 fin their Eq. s3dg as-
sume the plastic hardening function of the stress-strain rela-
tion to depend also on an invariant of the third-order strain-
gradient tensor, which is considered to depend on the density
of the geometrically necessary dislocationssi.e., arrays of
dislocations of one sign, which are necessary to produce cur-
vature of the latticed; see Eqs.s1d to s7d in Ref. 31, and also
Ref. 32. Gaoet al.’s model31 is supported by test data on
microtorsion, microbending, and microindentation. However,
this model cannot explain the size effect in thin films under
pure tension.

This problem might be overcome by noting that, in thin
films, the density of statistically stored dislocations can de-
pend not only on the plastic strain intensity but also on the
location within the film thickness. This suggests a depen-
dence of the yield stresssY on the thickness coordinatez, as
proposed in Refs. 33 and 34, where it is mentioned that only
rS sbut not sYd depends onz. This dependence was math-
ematically expressed by Luo.20

For structures of cross-sectional dimensions exceeding
about 0.1 mm, it is safe to assume that the statistically stored
dislocations are uniformly distributed everywhere. This im-
plies that the hardening rule in terms of plastic strain inten-
sity is the same for every continuum point. However, when
the cross-sectional dimension is of the order of a micrometer,
which is only a few times the size of the grain, the nonuni-
formity of the distribution of statistically stored dislocations
induced by the manufacturing process cannot be ignored.
Generally, the dislocation density in free thin films near the
substrate-side boundarysi.e., the boundary that was during
film deposition in contact with the wafer, the substrated is
much higher than elsewhere. In addition, dislocations of one
orientation may be frequent near that boundary. Thus, it is
logical that, in such a case, the uniaxial stress-strain relation
needs to be modified.

For thicker films used in the pure tension experiments,
the substrate-side boundary layer may be expected to have

special properties, while the boundary layer at the opposite
surfacesthat was initially free; i.e., free during film deposi-
tiond ought to have bulk material properties. Thus, without
considering any effect of the film strip width, the initial dis-
location density at any point can be described as a function
of the thickness coordinatez. Similar to Ref. 30, it is thus
reasonable to consider the initial yield stress to be a function
of z, which we write in the form

sY = sYszd = ÎsY0
2 + gszd, s2d

where z is the thickness coordinate, withz=0 being the
substrate-side boundary; andsY0 is the bulk yield stress, cor-
responding here toz→`; that is,sYs`d=sY0. Both gszd and
sYszd are decreasing functions ofz. Functiongszd, chosen
such thatgs`d=0, reflects two effects:

s1d the effect of varying dislocation densitysinduced by the
epitaxial crystal growth effect of the substrate, as well as
the well-known boundary strengthening mechanism as-
sociated with elevated dislocation densityd; and

s2d the effect of texture variation throughout the thickness,
particularly the epitaxially induced preferred orientation
of crystallographic planes unfavorable to dislocation
glide.

Function gszd will be considered to be independent of
structure sizeD; that is, of the film thicknesssstrictly speak-
ing, this cannot be exactly true, but the effect of sizeD on
gszd is not the main source of size effect and can be ne-
glected for a simplified modeld. However, functionsYszd de-
pends on the grain sizeh in the thickness direction, because
h=minsD ,dd.

Based on the hardening relations2d, the elasto-plastic
uniaxial stress-strain law of the material in the film may be
written as

s = Fse,zd, s3d

whereFse ,zd is also independent ofD. Limiting attention to
pure tension, we may assume the cross sections remain
plane, which means that the strain is uniform across the
thickness. For the prepeak behavior, no strain localization
such as necking can occur, and experiments confirm that.

IV. SIMPLE BOUNDARY LAYER MODEL FOR THIN
FILM UNDER PURE TENSION

Since the strain expressed by Eq.s3d is the same every-
where, the relation of average axial normal stresss saverage
over the film thicknessd to the axial normal straine may
simply be written as

s = sse,Dd =
1

D
E

0

D

Fse,zddz, s4d

whereD is the thickness of the thin film. Because the mate-
rial is elastic up to the yield stress, the strain at the start of
yielding, according to Eq.s2d, is
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eY = eYszd =
sYszd

E
, s5d

whereE is Young’s modulus of the thin film material, which
is a constant, independent of locationz and of film thickness
D, as confirmed by tests. As foreYszd, it is obviously a de-
creasing function ofz. Assuming simple elastic-perfectly
plastic local behavior, we may write

Fse,zd = HEe, for e ø eYszd,

E eYszd, for e . eYszd.
J s6d

When eøeYsDd, we must haveeøeYszd for all zøD
becauseeYszd is a decreasing function ofz. Thus, all the
material in the thin film remains in the elastic stage, which
means that the average stress-strain relation is also elastic,
according to Eq.s4d, and thus

sse,Dd = Ee, for e ø eYsDd. s7d

If e.eYsDd, there must be yielding within at least a part
of the film thickness. Thus, the overallsaveraged yield stress
of the whole thin film is equal to the smallest yield stress of
the material; that is,sYsDd. WhenD→`, the material char-
acteristic length is the grain sized sbecauseh=d in this
cased. Thus, we havesYsDd=sYsDd=sY0. Our model is then
reduced to the Hall–Petch relation, which governs the depen-
dence ofsY0 on d. The maximum average stress is achieved
when pointz=0 starts yielding. According to a sinusoidal
approximation of the periodic interatomic potential,26,35,36

the yield stress of a crystal should not exceedE/3, where
E=Young’s modulussor maximum elastic modulus, if the
material is not isotropicd. Therefore,sYs0d must be finite. If
we define parameterb=fsYs0d /sY0g−1, we can write

sYszd = sY0fbfszd + 1g, s8d

where functionfszd satisfies the conditions

fs0d = 1, fs`d = 0. s9d

A simple choice offszd is

fszd = e−sz/h0dm. s10d

Here h0 is a length parameter, andm is an empirical shape
factor sthis function includes Luo’s formula,20 for which m
=1d. Note that, forD.d, parametersb ,h0, andm depend on
d only, but forD,d, they depend on bothd andD sbecause
h=D in this cased. Now the function giving the initial yield
stress of the film may be written as

sYszd = sY0sb e−sz/h0dm + 1d. s11d

An example of initial yield stress function is shown in Fig. 4
for sY0=52.4 MPa,b=5.4, h0=0.462mm, andm=2. After
exceeding the initial yield stresssysDd, the average stress in
the film increases until the film is yielding through the whole
thicknesseùeYs0d. Thus, the average tensile strength of the
thin film is

sse,Dd =
E

D
E

0

D

eYszddz, for e ù eYs0d s12d

During the loading stage from the initial yield stress to the
maximum stressstensile strengthd, eYsDd,e,eYs0d, and the
average stress-strain relation of the thin film is obtained from
Eq. s4d:

sse,Dd =
E

DFz0e +E
z0

D

eYszddzG , s13d

wherez0=eY
−1sed. Thus, we have a progressively hardening

average stress-strain relation even though the material is as-
sumed to be elastic-perfectly plastic at each continuum point.

The average uniaxial tensile stress-strain curve of a 0.5
µm Au thin film measured by Espinosaet al.5 can be closely
fitted by the present simple epitaxial boundary layer model if
the yield stress functionsYszd given by Eq.s11d has param-
eterssY0=52.4 MPa,b=5.4, h0=0.462mm, andm=2 ssee
Fig. 5; the reason the tail is not captured is that perfect plas-
ticity is assumedd. The average grain size of 0.5µm Au thin
film is about 250 nmsi.e., less thanD=500 nmd, which is the
same as that of 1.0µm Au thin film. The initial yield stress
fits the data exactly:sY for 0.5µm is 140 MPa andsY for 1.0
µm is 55 MPa. The average grain size of 0.3µm Au thin film
is about 150 nm. Ifh0 is assumed to be proportional tod, and
b andm to be independent ofd, the stress-strain curve of 0.3
µm Au thin film can be optimally fitted, as shown in Fig. 6,
with sY0=63.6 MPa,b=5.4, h0=0.277mm, andm=2 shere
sY0~d−1/2 is used according to Hall–Petch relationd. The ini-
tial yield stresssYs0.3 mmd=170 MPa. The size effect on
initial yield stress is shown in Fig. 7.

Haque and Saif’s test results on uniaxial tension of free-
standing thin films11 can also be fitted by the present epitax-
ial boundary layer modelssee Fig. 8d. The fit is, in this case,
better if the plastic hardening is assumed to be linear.

To make the analytical solution simple, the film thick-
ness may be subdivided into two layers: the epitaxialsor
epitaxially influencedd boundary layerswhere 0,zø lb, the

FIG. 4. Initial yield stress function used for thin films of thicknessD=0.5
and 1.0µm.
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boundary layer thicknesslb being a material lengthd, and the
rest of film for lb,zøD sextending up to the free surfaced.
For boundary layer, the average stress-strain relation can be
expressed as

s = F1sed =
1

lb
E

0

lb

Fse,zddz, s14d

while for the rest of film, one has

s = F2sed =
1

D − lb
E

lb

D

Fse,zddz. s15d

WhenD@d, lb is almost independent of sizeD and, accord-
ing to Eq.s14d, F1sed is then almost independent of sizeD.
Although F2sed depends on sizeD, the effect ofD is very
small for large enoughD. For the sake of simplicity, we can
assume thatF2sed is also independent ofD. Similarly, the
average yield stress of each layer can be obtained.

V. POSTPEAK BEHAVIOR

In some pure tension tests of thin films, a stable postpeak
behavior is observed. The most important feature of postpeak
behavior is whether or not strain localization can evolve in a
stable manner. To achieve stablesand thus observabled local-
ization, the film strip must not be too long and the supports
must be sufficiently stiffsRef. 37, Chap. 13d.

In loading tests of thin films attached to a deformable
substrate, the postpeak softening curve of the film can be
observed because the substrate suffices to stabilize the film
and to prevent strain localization within the film. This is, for
instance, documented in Refs. 16 and 17. The condition for
preventing localization is that the load-deflection curve of
the film together with the substrate must have a positive
slope when the film is softening;37 this is normally assured
because the substrate plate is normally much thicker than the
film. In absence of localization, the only explanation for the
observed softening behavior of thin films on a substrate is
progressive distributed damage in the film, and a simple way
to model such damage will be presented here. Damage in the

FIG. 5. Fit of Espinosaet al.’s measured stress-strain curve for 0.5-µm-thick
Au film loaded in pure tension.

FIG. 6. Fit of Espinosaet al.’s measured stress-strain curve for 0.3-µm-thick
Au film loaded in pure tension.

FIG. 7. Size effect on the initial yield stress of the film.

FIG. 8. Fit of Haque and Saif’s measured stress-strain curves for Al films of
thickness 100, 150, 200, and 485 nm loaded in pure tension.
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form of microcracks or microvoids, coalescing into larger
cracks or voids, has been observed in thin metallic films.17

On the other hand, for free-standing thin films under
pure tension, strain localization must occur as soon as post-
peak softening beginssthis follows from the analysis of sta-
bility of postbifurcation equilibrium path represented by the
localization sRef. 37, Chap. 13d. Strain localization has in-
deed been reported for pure tension tests of 1.0-µm-thick Au
films.5 Because of strain localization, a part of the film is
elastically unloading during the postpeak decrease of load.

It will be useful to discuss first the postpeak behavior in
pure tension without strain localization, as expected in thin
films bonded to a deformable substrate. After that, the dis-
cussion will shift to the postpeak behavior with strain local-
ization, which is expected in free-standing thin films.

A. Thin Film on a Deformable Substrate

To explain the stable postpeak behavior of thin films
with flexible substrate under pure tension, a simple damage
concept will be introduced. Because of the growth of micro-
cracks or microvoids, caused by loading, the effectivesor
netd cross-sectional areaA, representing the area of the ma-
terial between the cracks in the thin film, decreases. The
relation between the nominal stresssN and real stresssR is
sNA0=sRA, where A0 is the initial sor nominald cross-
sectional area andAøA0. The damage parameter is usually
defined asv=1−A/A0. At the beginning,A=A0 and v=0,
and the terminal state is in damage mechanics idealized as
A=0 or v=1. The nominal stress can be written as

sN = s1 − vdsR, s16d

and the key problem is the evolution law forv.38 Because
the rest of film has a smaller yield stress than the epitaxial
boundary layer, the microcracks must initiate in the rest of
film, which can happen as soon as its yield stress is reached.
Because the epitaxial boundary layer has a higher yield
stress, the tensile load on the thin film can increase further,
so that no localization will occur until the peak is reached,
even though the thin film undergoes softening.

As documented by Figs. 10–12 in Ref. 17, transverse
cracks distributed along the thin film are seen to develop in
the film during this prepeak stage of loading, and in a ductile
metal such as Al the cracking can remain distributed, with no
fracture, up to the strain of 15%sthe process is similar to
what has been observed and analyzed for reinforced concrete
bars under tension39 and for dynamic cracking of
ceramics.40,41

B. Free-standing Thin Film

For a free-standing thin film, the situation is different. In
the uniaxial tension tests of free-standing thin films, a stable
postpeak softening is not observable for films thicker than
0.1 mm, and also for very thin filmsfAu films with thick-
nesses of 0.3 and 0.5µm sRef. 5dg. It is observable only for
midsized thin filmsfsuch as Au films of thickness 1.0µm
sRefs. 4 and 5dg. The present epitaxial boundary layer model
can explain such behavior.

When the film is very thicksD@dd, the epitaxial bound-
ary layer, with a typical thickness equal to the natural grain
sized sabout 0.5µmd, occupies a negligible portion of film
thickness. Thus, the film is virtually homogeneous over its
entire thickness. Therefore, as soon assY0 is attained, the
film is yielding virtually through the whole thickness. The
elastic boundary layer can be ignored because it carries a
negligible portion of the tensile force. Therefore, the elastic
boundary layer cannot stabilize the response, and thus cannot
prevent strain localization. Hence, any initial imperfection in
the material may trigger the growth of microcracks or micro-
voids, which will then initiate strain softening of the film.
This, in turn, must lead to strain localization instability, and
thus failure, making gradual postpeak softening impossible.37

That is why no strain-softening stage can be observed on
thick films.

By contrast, in concrete a strain-softening stage can be
observed, and it is helpful to realize what is the difference.
The magnitude of the postpeak negative slope of the average
stress-strain diagram is inversely proportional to the ratio of
the lengthw of softening zone to the lengthL of the bar or
strip under tension. Due to the large size of mineral “grains”
in concrete and small size of crystal grains in metal, this ratio
is small for normal concrete bars used in testing, but huge for
thin-film strips. Consequently, for short concrete specimens,
the postpeak slope is mild, with the result that the softening
can be stabilized by using a sufficiently stiff loading ma-
chine. On the other hand, for a metallic film strip, the post-
peak slope is so steep that the softening cannot be stabilized
regardless of machine stiffnesssfor details, see Sec. 13.2 in
Ref. 37d.

When the film is very thinsD=hødd, the boundary
layer of width lb occupies the entire thickness of the film
slb<D, D− lb<0d. Thus, the film is virtually homogeneous
over its entire thickness, just like a very thick film. The only
difference is that the average yield strength of the film in not
sN0, but sYB=sN0s1+bd, which can be significantly higher
sand is what causes the size effectd. Hence, the foregoing
argument for a very thick film applies here again, with the
conclusion that, for very thin films, too, a gradual postpeak
softening is impossible. Catastrophic failure results from
grain boundary crackingssee Fig. 10 in Ref. 5d.

Therefore, the existence of a postpeak softening stage
and of size effect go hand in hand. They can be observed
only for midsized films, that is films whose thicknessD is
only slightly larger than the grain size, roughlydøDø10d.
Only for such midsized films, the softening outside the
boundary layer can become stabilized by the elastic behavior
in the epitaxial boundary layer. The stabilized softening not
only makes possible postpeak softening in terms of the av-
erage stress, but also produces prepeak curvature of the av-
erage stress-strain diagramsthe curvature, of course, can fur-
ther be enhanced by plastic hardening of the polycrystal, but
this has not been considered here because the observed pre-
peak curvatures are mildd.

The average stress-strain diagrams for very thin, mid-
sized, and thick films are shown in Fig. 9. The strain local-
ization zone takes typically the form of a localization band of
a certain widthw smeasured in the direction of tension; see
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Fig. 9 in Ref. 5d. This width is a material property. The bands
presumably start in the top rougher layer, as suggested by
TEM imagessFig. 10d of the films tested by Espinosaet al.5

Generally, such bands can run across the specimen width
perpendicularly or obliquely. In theory, the perpendicular di-
rection should occur only if the specimen is too short, which
is not the case for tensile thin-film tests,3–5 or if the material
develops no slip, the softening being due to necking through
the thickness. This phenomenon was confirmed by TEM
studiessFig. 11d. Normally, the band with distributed damage
prefers to run obliquely because this subjects the band to a
combination of tensile and shear stresses, for which a dam-
aged material has lesser resistance. Oblique as well as per-
pendicular localization bandssthe oblique ones propagating
at an angle of about 60° with the direction of tensiond are
what has been revealed by the tensile tests of Espinosaet
al.3–5 The fact that both kinds were observed implies that
both distributed damage and necking can take place in thin
films, as a cause of softening. However, the necking is more
typical as the final failure mode.

The damage localization band eventually leads to frac-
ture or necking, which is the ultimate mode of failure. How-
ever, as seen in the tests of midsized films, a partial softening
caused by fracture or necking can become temporarily stabi-
lized by elastic behavior of the epitaxial boundary layer. This
can be the only reason a finite softening stage is often seen in
experiments, to be followed by a stage of rehardening.

In view of the aforementioned different possibilities, it is
not surprising that diverse postpeak behaviors can be ob-
served for midsized films of the same thickness.3–5

C. Necking or Damage Localization Band

Because plastic deformation of undamaged metals is al-
most incompressible, the plastic straine under uniaxial ten-
sion causes a reduction of the cross-sectional area, mani-

fested as necking. Thus, the elastic part ofe may be
neglected compared to the plastic part, and then

AL = As1 + edL0 = A0L0, s17d

where A0,L05initial cross-sectional area and length of
film strip, respectively A5current cross-sectional area;

FIG. 9. Typical average stress-strain diagrams for thin, medium, and thick
films.

FIG. 10. Strain localization zone of free-standing thin film:stopd the notch-
like defect ready to propagate;sbottomd the deformation bands and fracture
edge.

FIG. 11. Through-thickness necking.
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L=s1+edL05current length of film strip. Therefore,A/A0

=1/s1+ed. By equilibrium, A0sN=A0t, wheresN5nominal
axial stress andt5true axial stress in the plastically de-
formed material. Therefore

sN =
t

1 + e
< ts1 − ed, s18d

where the last approximation is valid for small axial strains
e. This approximation is obviously similar to Eq.s16d for the
damage model.

This relation can explain the slight drop of nominal
stress observed in pure tension tests of a 1.0µm Al thin film.5

During the perfect plastic flow stage, the stress in that test
slowly decreases by about 10% when the strain increases
from 0.01 to 0.07. This decrease agrees well with Eq.s18d.

The reduction of cross-sectional area caused by necking
in the strain localization zone can be quite large. Espinosaet
al.5 give a scanning electron microscopesSEMd imagestheir
Fig. 8d of a 1.0µm Au thin film of 20µm width and 400µm
length, which shows the widthl sin the direction of tensiond
of the strain localization band to be around 5 to 6µm. For a
localization band of anglea with the film strip direction, one
hasl =Wsina+s5–6d mm, which is around 10 to 16µm sW
is the width of the film, which is 20µm for Espinosaet al.’s
testsd. As reported in Refs. 3–5, large plastic deformation is
observed in the localization zone. Suppose that the cross-
sectional area of the film at the band is reduced by one-half
i.e., A=A0/2, then the axial tensile strain across the localiza-
tion band isDl = lsA0/A−1d= l. Thus. one finds that the av-
erage axial strain caused by the two localization bands over
the length of the stripswhich isL=1425mm for both halves
combinedd is 0.008, and this agrees well with the average
stress-strain curve recorded.3–5

That the deformation in the band consists, in fact, of
damage localization is supported by the photograph in Fig. 8
of Espinosaet al.,5 who observed that “the image shows that
the left half of the membrane slightly overlaps the right
half.” This documents that the film is flexing laterally in
tension, which can only be caused by tensile bifurcationsor
instabilityd due to softening damage, well known for qua-
sibrittle materialsssee Ref. 37, Sec. 13.8, Fig. 13.40bd.

The necking, both in the form of narrowing of the film
thickness or narrowing of film strip width, is also observed
ssee Ref. 5, Fig. 8 or Fig. 9, respectivelyd. Figure 8 of the
same paper shows the effective cross-sectional area to be less
than about 0.2A0, and also gives evidence of fracture.

For accurate analysis, the evolution of the localization
band width would have to be characterized by a decreasing
stress-width relationship analogous to the softening stress-
separation law for cohesive fracture of quasibrittle materials
such as concrete. However, further studies, including mea-
surements, would be needed to establish this relationship.

VI. OTHER EXPERIMENTAL ASPECTS AND FURTHER
EVIDENCE FOR BOUNDARY LAYER

As mentioned before, whenD is very large, the size
effect of film thickness disappears and the present model
exhibits only the effect of grain sizeh, which may be de-
scribed by the Hall–Petch relation

sY0 =
A
Îh

+ B, s19d

where A and B are material constants. Thus,sY0 can be
determined by testing thick films with different grain sizes.
WhenD is so small thath=Død sthe natural grain size in
bulk metald, the Hall–Petch relation no longer applies and we
have a case in which Nix’s modelsas well as Zhang and Xu’s
modeld applies. Extrapolations of both of these models pre-
dict for D→0 an infinite yield stress, although physically
such extrapolation makes no sense since the solid surface
tension would have to be considered forD,30 nm and a
continuum model could not be used for dimensions less than
about 5 nm. Thus, one needs to incorporate a cutoff, which is
attained perhaps forh=hc<10 nm.

Based on classical thermomechanical tests of thin films
of constant grain size and various thicknessesD sD=h,dd,
Venkatraman and Bravman7 observed that the yield stress
variation appeared to be closer toh−1 than toh−1/2, as pre-
dicted by the Hall–Petch relationsin their tests,h=D, be-
causeD,dd. This kind of apparently anomalous relation can
be explained by the present epitaxial boundary layer model
without any difficulty. WhenD,d, h=D should be regarded
as the grain size in the Hall–Petch relation, so that we have
sY0=Ah−1/2+B. If fszd=z−1/2, which might not be an unrea-
sonable assumption, we get

sYsDd = bAh−1 + sA + bBdh−1/2 + B, s20d

so thath−1 must obviously dominate for small sizes, as ob-
served by Venkatraman and Bravman.7 This agreement pro-
vides further support for the present epitaxial boundary layer
model. Without any boundary layer, agreement cannot be
reached.

Obtaining a correct record of the postpeak behavior in
the tests of free-standing thin films is not trivial. When the
strain is localized into a small region of the thin film, that
region will become elongated because of the large localized
deformation, while the length of the remaining region of the
film strip will decrease because of elastic unloading. This
may cause problems because the pure tension tests are con-
ducted by applying on the thin film a transverse load by
atomic force microscope; the line of application of the trans-
verse load needs to move, but friction prevents it from doing
so freely. Consequently, a frictional force in the axial direc-
tion of the strip may develop and may thus cause the left and
right halves of the strip to be loaded unevenly. Because of
this, it is desirable to also measure the strain locally. If a
certain part of the cross-sectional area of thin film is reduced,
for example, the strain localization could be detected and the
local deformation could be measured.

VII. DISCUSSION AND ANALYSIS OF OTHER
EXPERIMENTS

The strengthening of metal in the epitaxial boundary
layer may be caused by elevated dislocation density, particu-
larly near the grain boundary, or by preferred crystal grain
orientation, or both combined. However, to clarify the de-
tailed mechanism, discrete dislocation level simulations and
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grain level simulations will be needed. This is a challenging
problem beyond the scope of the present article.

For oxidizing metals—for example, aluminum—a thin
passivation layer will form on the surface of the film. This
layer normally has a higher yield strength,15 and thus func-
tions similarly to the epitaxial boundary layer analyzed here.
A similar boundary layer model could be introduced for the
passivation layer. However, both types of boundary layer
cannot play a significant role simultaneously because the
passivation layer is typically only 3 to 5 nm thick,18 which is
over two orders of magnitude less than the typical thickness
of the epitaxial boundary layer. For thin films thicker than
100 nm, the effect of the passivation layer is negligible,
which justifies its neglect in the present study.

Aside from the effect of epitaxial boundary layer
strengthened by statistically stored dislocation, the effect of
strain gradient, explained by geometrically necessary dislo-
cations, can also be detected in other types of thin-film ex-
periments. Haque and Saif11 compared the load-deflection
responses of identical thin films to uniaxial tension and bend-
ing. They assume the material behavior in compression, pro-
duced by bending, to be the same as in tension. Compared to
pure tension, they find that the microbending tests of alumi-
num film 486 nm thickswith average grain size 212 nmd
exhibit extra hardening, and they show that the extra hard-
ening can be fitted by Gaoet al.’s31 mechanism-based strain-
gradientsMSGd plasticity, physically explained by geometri-
cally necessary dislocations. In response to numerical studies
of Huang et al.,42 as well as certain asymptotic scaling
considerations,43 the MSG theory was subsequently revised
and simplified by removal of couple stresses,44 and renamed
as the Taylor-based nonlocal theorysTNTd. For the purpose
of the present analysis, which does not include couple stress,
the MSG and TNT theories are identical.

Haque and Saif11 further find that the strain gradient ef-
fect is absent from the microbending of extremely thin films
sof 100 nm thickness and average grain size 50 nmd. How-
ever, this is to be expected because accommodation of dislo-
cationsswhether geometrically necessary or notd in the crys-
tal grains is not energetically favorable.

However, apart from the effect of strain gradient on plas-
tic hardening, its effect on the initial yield stress of thin film
also needs to be taken into consideration. The recorded initial
yield stress of a 100 nm aluminum film is 880 MPa for
microbending,8 while for pure tension it is only 650 MPa,10

which is 27% lower. The original strain-gradient plasticity
theories cannot explain the size effect on the initial yield
stress because the theoretically justified strain gradient is the
gradient of plastic strain rather than the total strainsalthough
in practice the former is often approximated by the latter
because the difference is smalld.

At the start of yielding in the film, the plastic strain is
zero throughout the thickness, as is its gradient. However, if
the MSG or TNT strain gradient theory is modified by using
the gradient of the total strain rather than the plastic strain,
explanation of the size effect on the initial yield stress in
bending becomes possiblesnote in this regard that the use of
the total strain gradient gives good results for plastic harden-
ing in nanocomposites45,46d. Whether the yield stresssY

should depend on the total strain or its plastic part is debat-
able. Because the hypothetical sliding of one edge or screw
dislocation from one face to the opposite face of a perfect
crystal bar contributes a plastic displacement equal to the
atomic spacing and does not affect the elastic deformation,
the dislocations are related to the plastic strain rather than the
total strain, and the geometrically necessary dislocations are
related to the gradient of plastic strain rather than the total
strainsas described in Ref. 47d. However, the yield stresssY

represents not the plastic strain but the potential for plastic
strain to form; that is, for the dislocations to nucleate. This
depends on the straining of the lattice, and thus on the total
strain. From this viewpoint, a dependence ofsY on the total
strain appears to be quite logical.

In the yielding zone, though, the difference at initial
yield between the gradients of plastic strain and total strain
sthe latter being equal to the gradient of elastic straind is, in
any case, quite small. The reason is that the variation of
stress through the yielding zone is quite smallsand is actu-
ally vanishing if perfect plasticity is assumedd.

To check the effect of strain gradient, the thin-film mi-
crobending tests of Haque and Saif have been simulated nu-
merically ssee Fig. 12d. The computations show that the
modified MSG or TNT total strain-gradient theory predicts
extra hardening of only 10%, in terms of the stress for given
strain. The reason the MSG-TNT theory modification, with
the gradient of the total rather than plastic strain, can predict
this extra hardening is that the total strain at the interface
between the plastic and elastic zones has a nonzero gradient,
equal to the elastic strain gradient.

VIII. COMBINING STRAIN-GRADIENT PLASTICITY
WITH EPITAXIAL BOUNDARY LAYER MODEL

From the viewpoint of dislocations, the strain gradient
plasticity and the epitaxially influenced boundary layer
model are complementary: the former reflects the density of

FIG. 12. Numerical simulation of load-deflection curves of microbending of
485 nm aluminum filmsnote that the strain gradient effect predicted by the
MSG theory is merely a 10% load increase, and that the difference between
MSG theory with gradient of plastic strain and the MSG theory with gradi-
ent of total strain is negligibled.

073506-10 Bažant et al. J. Appl. Phys. 97, 073506 ~2005!

Downloaded 31 Mar 2005 to 129.105.213.90. Redistribution subject to AIP license or copyright, see http://jap.aip.org/jap/copyright.jsp



geometrically necessary dislocations, the latter the increased
density of statistically stored dislocations. Therefore, these
two models are not in conflict. They can, and should, be
combined, and the only question is how.

In pure tension tests, the total strain gradient vanishes, so
that the MSG-TNT theory modification, with the gradient of
total rather than plastic strain, cannot explain the observed
size effect. Because one consequence of the boundary layer
in a film under pure tension is that the gradient of the plastic
part of strain does not vanish, it might seem that perhaps the
original snonmodifiedd MSG-TNT theory, in whichsY de-
pends on the plasticsrather then totald strain, could explain a
significant part of the size effect observed in pure tension
tests. If so, then the original, rather than modified, MSG-
TNT theory should be used.

However, this is not the case, as it transpires from the
numerical fitting of Haque and Saif’s tests. This is docu-
mented by the computational results presented in Fig. 13. It
is seen that the extra plastic hardening, obtained by using, in
pure tension tests, the gradient of plastic rather than total
strain, is negligible.

In the microbending test, on the other hand, the effect of
strain gradient is dominant. When the epitaxial boundary
layer model is applied, the stifferselasticd boundary layer is
balanced with the softersplasticizedd rest of the film and the
neutral axis moves perceptibly toward the boundary layer.
Figure 14 shows that the curve for the epitaxial boundary
layer model is very close to that for classical plasticity,
which means that what governs in the microbending test is
the effect of the strain gradient.

The results in Fig. 14 further demonstrate that the epi-
taxial boundary layer model combined with the MSG or
TNT theory can capture the extra hardening as closely as the
original MSG or TNT theory alone. At the beginning of the
plastic stage, in which only the material outside boundary
layer is yielding, the extra hardening caused by the strain
gradient does not increase the moment much. However, after

the boundary layer, having a much larger yield stress, begins
to yield also, the extra hardening caused by strain gradient is
large and causes the bending moment to increase quickly.

The MSG theory, as well as the TNT theory, modifies the
classical hardening functions=sYfsed as follows:

s = sY
Îf2sed + lh, s21d

whereh is the strain gradient invariant,30,48–50and l is the
material length, which is usually several micrometers for
metals such as copper and aluminum. For film thicknesses in
the range 0.1–10µm, the present epitaxial boundary layer
model may be combined with the MSG or TNT theory to
capture the effects of statistically stored dislocations and
geometrically necessary dislocations simultaneously. First,
according to the epitaxial boundary layer model, the harden-
ing function can be written as

s = Fse,zd = sYszdfse,zd s22d

fsee Eq.s3dg. HeresYszd, the yield stress atz, can be char-
acterized by Eqs.s8d or s11d. To consider the extra hardening
caused by strain gradient, Eq.s22d can be generalized as
follows:

s = sYszdÎf2se,zd + lh̄. s23d

Here h̄, the so-called “modified strain-gradient invariant” is
defined on the basis ofh, and the effect of grain size is
considered as

h̄ =
h

1 + sl1/hdu , s24d

wherel1 is usually 0.2–0.5µm, m is an empirical exponent,
andh is the intrinsic material length. Thus, we haveh̄=h for
h@ l1, which is compatible with the MSG and TNT theories.
Whenh! l1, we haveh̄=0, which implies the vanishing of
the strain-gradient effect for very thin films.

FIG. 13. Numerical simulations of measured load-deflection curve in pure
tension of 485 nm aluminum film, showing a comparison between the
present simple boundary layer model and the boundary layer model com-
bined with the MSG theory.

FIG. 14. Numerical simulation of load-deflection curve for microbending of
485 nm aluminum film, showing the classical plasticity model, the MSG
theory, the boundary layer model and the boundary layer model combined
with the MSG theory.
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The Hall–Petch effect also needs to be introduced into
this formula. To satisfy realistic asymptotic requirements, the
yield stresssY0 defined in Eq.s19d can be corrected as

sY0 =
A

shr + h1
r d1/2r + B, s25d

whereh1 is the material length, andr is an empirical expo-
nent governing the rate of transition between the asymptotes
of the Hall–Petch formula.

IX. CONCLUSIONS

s1d The size effects observed on the micrometer scale in
pure tension tests1–5,8–11of free-standing thin metallic
films can be explained by the proposed epitaxial
boundary layer model in which a boundary layer with a
thickness of the order of the material grain size, has a
higher yield strength than the rest of film. It must be
emphasized, though, that this is only one plausible
mechanism, and that other viable mechanisms based on
limited dislocation sources and plasticity constraint due
to pre-existing twins have also been proposed by Espi-
nosaet al.5

s2d The granular epitaxial boundary layer exists on the side
of the film that was in contact with the substrate during
film deposition. The increase of yield strength of the
epitaxial boundary layer is assumed to be caused partly
by a difference in the mean density of statistically
stored dislocations due to blockage of dislocation
movements at grain boundaries and formation of dislo-
cation pile-ups near grain boundaries, compared to the
rest of film, and partly also by preferred crystal orien-
tation engendered epitaxially in the granular boundary
layer by the substrate during film deposition.

s3d Assuming a simple exponential decay of the yield
strength from the substrate side across the film thick-
ness leads to good agreement with pure tension tests, as
well as other kinds of experimental observations.

s4d The characteristic lengthl0 governing the boundary
layer size effect is the natural grain size of the metal,
l0<0.5 mm. Therefore, the boundary layer size effect
is expected to vanish for film thicknessD, l0 and D
.10l0, and this is what is observed in pure tension
tests.

s5d The boundary layer size effect does not conflict with
Hutchinson and Fleck’s strain-gradient size effect. That
size effect dominates for the range 5–100µm, and has
been used to describe microindentation tests down to 1
µm. In the range from 1 to 5µm, in which both kinds of
size effect overlap, the fit of the microindentation and
microbending test data by the strain-gradient theory is
not very close. However, comparisons with the epitax-
ial boundary layer model are complicated by the fact
that the texture, orientation, and shape of elongated
crystals in the thin wires used in the classical microtor-
sion tests are quite different, due to differences in the
method of fabrication.

s6d The gradual postpeak softening caused by damage due
to void or microcrack growth in thin films of various
thicknesses can be calculated from the epitaxial bound-
ary layer model.

s7d The classical Hall–Petch relation for the dependence of
yield strength on the natural grain size, as well as Nix’s
model for the strength of films thinner than the grain
size, can be accommodated in the present model and
obtained as the asymptotic cases, the former for very
thick films sD.100 mmd and the latter for extremely
thin films sD,0.3 mmd.

s8d The epitaxial boundary layer model captures the extra
plastic hardening due to statistically stored disloca-
tions, whereas the strain-gradient theorysMSG or
TNTd captures the effect of geometrically necessary
dislocations. A combined theory is proposed and is
shown to be necessary to fit, with the same theory, the
test data on pure tension and bending of metallic thin
films.

s9d When not only the film thickness but also the grain size
is varied, the classical Hall–Petch formula for the effect
of grain size on the initial local yield stress needs to be
incorporated into the combined theory. To this end, the
Hall–Petch formula is enhanced by a smooth approach
to a cutoff yield strength for very small grain size. In
the case of films thinner than the natural grain size, in
which the crystal grains are flattened to fit the film
thickness, the grain size to be substituted into the Hall–
Petch formula is the film thickness, which means that
the Hall–Petch effect disappears for very thin filmssbe-
ing replaced by Nix’s effectd.

s10d A passivation layer on the surface of an oxidizing metal
could be modeled by a similar boundary layer model,
but need not be taken into account here because passi-
vation layers are at least two orders of magnitude thin-
ner than the present epitaxial boundary layer and thus
cannot play any significant role for the film thicknesses
considered here.
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