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ABSTRACT 

Pick-up locations are obtained on strips of limp material that minimize a measure
of deformation (strain energy). The strips are modeled as continuous beams subjected
to a uniformly distributed load using small and large deflection beam theories. Pick-up
locations correspond to n support locations of the continuous beam. Strain energy is

computed from a finite element solution, and optimal locations are obtained by solving
unconstrained and bound constrained optimization problems. Results are in terms of
a nondimensional number that characterizes the flexibility of the beam and are

applicable to a wide range of limp materials. Some results for fabric strips are also
presented. 

Limp materials are used in many economically impor-
tant industries such as textiles, aerospace, automobiles,
and leather. Most of the tasks involving the handling of
limp materials are done manually, which make them
labor intensive and time consuming. Automatic handling
systems that can be reprogrammed to perform a different
task in relation to rigid objects are readily available.
These are often robot systems, and the reprogramming
involves defining a new set of end-effector trajectories
than can be repeated. Application of similar systems for
handling limp materials will reduce the time associated
with manual handling, lower costs, and increase quality.
thus increasing productivity. This, however, is a chal-

lenging task, primarily because the low bending stiffness
of limp materials makes them easily susceptible to large
deformations and rotations. As a result, limp parts can
easily change shape during handling. In addition, there
are huge variations in the bending, friction, and tensile
properties of different limp materials, which are further
influenced by environmental conditions. These unique
properties and behavior of limp materials present numer-
ous problems when using sensory robotics to automate
their handling.

Most manufacturing operations are performed on limp
material parts that are initially flat. The pick and place
operation is a basic one for handling and transporting
limp parts during various manufacturing processes. This
operation can be automated using robots equipped with
suitable end effectors and selnsors. For ease of manipu-
lation by robots, it is essential that limp parts do not
change shape during handling. This can be ensured by
picking up the limp parts such that they undergo mini-
mum deformation. In general, limp parts come in various
shapes, and the amount of deformation they undergo is a
function of pick-up locations. In this research, we de-
velop procedures to solve for optimal pick-up locations
that result in minimum deformation of limp parts of
different shapes (see Figure I ). We model the limp parts
as beams and shells undergoing large deformations and
rotations using geometrically exact nonlinear finite ele-
ment formulations. and find the optimal locations by
solving an optimization problem in which a measure of
the deformation as a function of pick-up locations is

minimized. We anticipate that a priori knowledge of
pick-up locations for parts of different shapes will reduce
sensory requirements and facilitate offline programming
of robots for limp material handling.

In this paper, we restrict ourselves to the problem of
optimal pick-up locations for one-dimensional strips.
which are modeled as flexible beams. In a subsequent
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FiGuR~ 1. Pick-up locations for limp parts.. 

I
,

paper, comprisinjg Part 11 of this work, we solve the

problem for twot-dimensionat limp parts.

Literature Review
In literature, $everal works focus on the problem of

automating the .handling of limp materials. Early re-

search for textile applications focussed on the develop-
ment of retrieval devices for destacking operations in
apparel manufacturing where a single ply of fabric is to
be separated from a stack. Various robotic end-effectors
to grip fabric parts were developed, including a gripper
based on the pig and adhesive concept by Parker et al.
[14], an electrostatic gripper by Taylor et al. [23], and a
flat-surface. gripper based on the operational principle of
suction and pressure differential by Kolluru et al. [10].
Karakerezis et ial. [8] provided a literature survey of
various gripping mechanisms and principles used for

gripping flat no~-rigid materials.
Vision-guided robotic fabric manipulation was devel-

oped and implemented by Torgerson et al. [24]. They
generated robot’motion paths from visual information of
fabric edges and demonstrated manipulation of polygo-
nal and nonpolygonal fabric parts. More recently, some

’ 

I

automated robotic handling systems have emerged.
Czarnecki [3] developed a robotic handling cell for gar-
ment manufacture in which garment piece parts are sep-
arated from a multi-ply stack and loaded onto a hanger.
Fahantidis et al. [7] developed a robotic system incorr
porating vision and force/torque sensing for handling flat
textile materials. They presented experimental results for
the tasks of grasping, folding, laying, and sweeping of
fabric parts.

Modeling and simulation of limp material handling
operations is of great use in optimizing the design of
manufacturing lines to adapt to limp materials with dif-
ferent physical properties and shapes. In addition, simu-
lation results can facilitate offline programming of ro-
bots, thus leading to flexible automation. Eischen et al.
[5] optimized fabric manipulation during pick and place
operations using large displacement beam theory and
finite elements to simulate fabric drape, manipulation,
and contact. They also developed software based on
nonlinear shell theory to simulate 3D motions related to
real fabric manufacturing processes [6] and presented
numerical simulations of fabric draping and folding.
Cugini et al. f 1, 2] developed a software environment to
model and simulate non-rigid material behavior during
handling operations.

In mechanics literature, there are some works on the
optimal support locations for beams, columns, and

plates. Mroz et al. [ 1 I ] derived support locations for
minimum compliance of elastic beams, maximum safety
factors of plastic collapse for plastic beams, and optimal
design with varying cross sections and support positions.
Prager et al. [!6] established criteria for optimal location
of supports and steps in the yield moment for plastic
design of beams. Rozvany et al. [ 18] derived conditions
for the optimal location of segment boundaries and in-
ternal supports for column design. Olhoff et al. [ 13]
designed continuous columns for minimum total costs of
material and interioe supports. All these works used
classical optimization tools for finding the maxima and
minima of functions and functionals.
More recently, Narita [ 12] used a gradient technique to

find support locations that maximize the fundamental
natural frequency of beam and plate structures. Wang et
al. [25] used genetic algorithms to find optimal rigid and
elastic support locations for beams with different bound-
ary conditions. Xiang et al. [27] used the simplex method
of Nelder and Mead to solve for optimal locations of
point supports to maximize the fundamental frequency of
vibrating plates of different shapes. Wang et al. [26] used
the same optimization method to find opfimal support
points that maximize the fundamental frequency of lam-
inated rectangular plates. In all these vibration problems,
the objective function was computed using the Rayleigh-
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Ritz method. Pitarresi et al. [15] presented a simple
technique that uses a two-dimensional nonlinear least-
squares fit of natural frequency versus support location
data for rapid estimation of optimal support locations for
vibrating plates. Roschke [ 17] used an iterative method
based on Powell’s conjugate directions to find optimal
pick-up locations that minimize the absolute value of
principle stresses in beams and plates. Objective func-
tions were computed from a finite element solution.
The problem of finding optimal locations for beams,

plates, shells, and other structures that minimize strain
energy has not, to the best of our knowledge, been solved
in the literature. This may perhaps be due to the lack of
real applications and the difficulty of obtaining analytical
solutions. In this work, we solve for optimal pick-up
locations that minimize the strain energy of limp parts.
We choose to minimize the strain energy because it is a
measure of the average curvature of the limp part and in
some sense the average deflection. We model the limp
parts as beams and shells undergoing large deformations
and rotations by geometrically exact finite element for-
mulations. We then compute the strain energy from the
finite element solution for deformation, which requires
discretization of the domain of the limp part by a mesh.
We also develop procedures that use unconstrained and
bound constrained optimization techniques to solve for
optimal locations.

Modeling Limp Parts

Strips of limp materials can be considered one-dimen-
sional and are modeled as flexible beams. We first used
small deflection beam theory to model the strips because
some analytical work for optimal locations was possible
with this model. However, as the number of locations
increased, the analytical procedure became cumbersome,
and we resorted to a numerical solution using a finite
element model with standard Euler-Bemoulli beam ele-
ments. Next, we gradually lowered the flexibility of the
strip, thus allowing for large deflections. In this case, we
used a finite element formulation based on large deflec-
tion beam theory to model the strip. This formulation is
derived from the geometrically exact nonlinear shell
finite element formulation used to model two-dimen-

sional limp parts in Part II of this work. Large deflection
beam theory is recovered. from nonlinear shell theory by
setting the Poisson’s ratio v = 0 in the formulation. This
can be seen by considering the flexural rigidity D of
shells given by

,I

where E is Young’s modulus and t is the shell thickness.
When v = 0, D reduces to El, the flexural rigidity per
unit width for beams.

Next we provide a brief overview of the nonlinear
shell finite element formulation and refer the reader to

Deng [4] for complete detai~s.
SHELL FINITE ELEMENT FORMULATION

The finite element formulation is based on the geo-
metrically exact shell theory conceived by Simo et al.
[20, 21, 22]. Limp parts are modeled as flexible, doubly
curved shells that can accommodate stretching, bending,
and transverse shear deformations. Shell theory based on
large deformations and rotations is used to formulate a
finite element solution strategy.
The kinematic description of the shell starts by param-

eterizing the position of poiats within the shell, both on
and off the midsurface. Referring to Figure 2, points off
the midsurface are located by a position vector ~,

where 4~ is a position vector locating points on the
midsurface (reference surface) of the shell. The vector t
is called the director and is a unit vector directed along
fibers in the shell that are imitially perpendicular to the
reference surface. The coordinate ~ measures the dis-
tances between the mid-surface and points off the mid-
surface along t. The coordinates El and ~2 serve to

parameterize the midsurface and are not necessarily cur-
.<
i

FIGURE 2. Configuration of the shell: a. = &dquo;’0’ and Co = a. + tt.
( a = 1, 2) are the tangent base vectors at points on and off the
midsurface of the she4, respective~y.

!
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vilinear surface [coordinates. In fact, for this formulation.
we have selected these coordinates to be the &dquo;parent
element coordinates&dquo; for the standard isoparametric
quadrilateral element. Note that the unit vector t is not

necessarily non-nal to the midsurface of the deformed
shell, thus admitting the possibility of transverse shear
strain. The through-thickness coordinate ~ is in the range
-t/2 S § S t’l 2, where t is the shell thickness. The
undeformed configuration of the shell is given by

where 4>0 is a victor locating points on the undeformed
midsurface, and ~) is the director in the initial configu-
ration, assumed,normal to the midsurface. The essential
problem is to determine the evolution of 4o and t as the
shell deforms under its own weight or is manipulated in
some way. .

The evolution of the unit director vectors t(~’. ~-)
during motion of the shell depends on an orthogonal
transformation matrix A. Let t = AE, where A is an

orthogonal matrix such that AAr = I, and E is an

inertially fixed unit vector. Thus, to determine t during
shell motion, it is sufficient (or equivalent) to determine
the matrix A. At any point on the shell, this matrix is
related to the unit director vector according to

’ 

.. - ! i
where indicates the skew symmetric matrix as-
sociated with the indicated vector, and @ represents a
tensor outer product operator.

Enforcing linear and angular momentum allows devel-
opment of a weak (or variational) form of the nonlinear
shell theory. After incorporating the material response,
standard finite element linearization procedures lead to a
matrix equation of the form

where K(~6, t) is the tangent stiffness matrix. P(~, t) is
the internal force vector, F ext is the external force vector,
and 0 and t are interpolated between nodal values by
standard bilineai~ isoparametric shape functions. An iter-
ative solution of this matrix equation by an adaptive
arc-length control algorithm (see Schweizerhof et al.

(19]) generates an incremental displacement vector A4o
that is used to update the position of the shell midsurface,
together with an incremental rotation matrix AA that is
used to update the directors as the shell deforms.

MINIMIZATION PROBLEM FOR ONE-DIMENSIONAL STRIPS

The problem of optimal pick-up locations that mini-
mize the strain energy of a strip is the same as that of

optimal support locations that minimize the strain energy
of continuous beams with uniformly distributed load.

Figure 3 shows a continuous beam of length I supported
at n points, vi are the support locations measured from
the left end, and >I is the distributed load per unit length.
The support locations correspond to the pick-up loca-
tions, and the distributed load is the self weight of the
strip. The optimization problem for support locations

may be stated as .

where x is a (n X I ) vector of support locations and f is
the strain energy objective function.

I 
FIGURE 3. Beam supported at 1/ positions.

Beams Undergoing Small Deformations

We first solved the problem for beams undergoing
small deformations, as an analytical expression for strain
energy is available. This allowed us to quickly check our
optimization algorithms. The strain energy U,,, for beams
undergoing small deformations is given by the well
known formula,

where M( x) is the bending moment, I is the second
moment of area, and E is Young’s modulus. When n
= 2, the problem is statically determinate, and we can
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write the following expression for strain energy by eval-
uating Equation 6:

The necessary condition for a local minimizer yields two
nonlinear simultaneous equations:

The roots of Equations 8 and 9 obtained using the fsol~~e
,rj .r,

function of MAPLE with j E [0, 0.5] and - E [0.5, 1.0]
are

/ ~,z ~s B
Figure 4 shows a plot of u... with 240EI = ! ) as aFigur~ 4 shows a plot of U&dquo;, with 240E1 = 1.0 as a

function of the support locations. We can verify from the

plot that (T) m and h are indeed the global minimiz-m m

ers.

When n >_ 3, the analytical procedure is cumbersome
due to static indeterminancy, and it leads to long expres-
sions. However, by discretizing the beam by finite ele-

FIGURE 4. Strain 1Y for two supports.

ments, the strain energy can be computed in a straight-
forward manner. We can solve for the optimal locations
by using a minimization algorithm with the objective
function computed from a finite element solution.

NUMERICAL SOLUTION PROCEDURE

We use standard Euier-Bemoulii beam elements to
discretize the beam and compute the strain energy Us
with the following formula: ’I

where K is the stiffness matrix and d is the vector of
nodal displacements and rotations obtained after solving
the finite element equations. In order to solve the prob-
lem in Equation 5 as a continuous optimization problem,
we need to be able to compute the objective function and
its gradient for any given support locations. These sup-
port locations correspond to enforcing boundary condi-
tions, which can be done only at nodes in the mesh.

Hence, whenever the objective function is computed. we
automatically generate a mesh with nodes located at

support locations. Since the domain is one-dimensional,
automatic meshing is easily accomplished by distributing
the number of elements in each span based on ratios of

span lengths. The gradient is obtained by finite differ-
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ences and requires additional objective function compu-
tations with perturbed coordinates of the nodes at which
the boundary conditions are enforced.

It is possible to solve for optimal locations using an
unconstrained optimization method. The bound con-
straints are never violated during the optimization pro-
cess. All numerical computations are done in MATLAB.
For this purpose, we use a MATLAB function that com-

putes the strain energy of a beam by the finite element
method, given a vector of support locations. We employ
the Broyden, Fletcher, Goldfarb, and Shanno (BFGS)
method for unconstrained minimization to solve for the
optimal locations. MATLAB code bfgswopt from Kelley
[9] implements. the algorithm, so we have used it. We

compute the gradient by central differences and choose
the stopping tolerance for the optimization routine such
that the norm of the gradient is reduced by at least five
orders of magnitude.
We use a level of discretization of at least ten elements

per span of the beam. In some cases, a finer mesh is

required to satisfy the stopping criteria. We have chosen
as the initial g~ess the centers of each of the p equal
divisions of the beam, where p is the number of supports.
For example, when p = 2, the initial guess is [0.251,
0.751] where l; is the length of the beam. Any other
initial guess in a greater number of iterations to
converge to the solution.

RESULTS

We have obtained optimal support locations for min-
imum strain en~ergy up to eight supports. Table I lists
numerical The solution for the n = 2 statically
determinate case can be verified to be the same as the one
obtained previously by analytical methods. Deflection
curves corres nding to 2, 3, 4, and 5 optimal locations
are shown in F gure 5a. The optimal locations are sym-
metrically placed about the centerline, as expected. Spac-
ings between adjacent internal support locations are

equal, and as n increases, the outer two support locations
move closer to the ends. In general, as the number of
support locations increases, the algorithm takes more
iterations to ac ieve the desired reduction in the gradient
norm.

Beams Undergoing Large Deformations
!

For beams ~ndergoing large deformations, it is not

possible to write closed form expressions for strain en-
ergy. We solve) for optimal locations numerically.

NUMERICAL SOLUTION PROCEDURE

We use then eometrically exact nonlinear shell finite
element formulation described earlier to model beams

TABLE I. Optimal locations for small deformations.

undergoing large deformations. Beam theory is recov-
ered by setting Poisson’s ratio v = 0 in the shell formu-
lation, and the beam is discretized by quadrilateral shell
elements. Boundary conditions at the support points re-
strain both transverse and axial displacements. The strain
energy is computed from the finite element solution by
summing the areas under load deflection curves of all the
nodes in the mesh. This is conveniently done by approx-
imating the area due to each load step by that of a

trapezoid as shown in Figure 6. The following formula
for strain energy (SE) can be written as

where nsteps is the total number of load steps, and £ and
di are the nodal force and the nodal displacement, re-
spectively, at the end of load step i. Note that the only
nodal forces are those due to the self-weight of the beam.
Nodal forces developed at hard reaction points do not
contribute to strain energy. The load deflection curve
needs to be traced accurately to compute the strain en-
ergy. We can ensure this by using suitable parameters in
the arc-length control algorithm used to solve the non-
linear finite element equations.

wl;
A nondimensional parameter a = 

. EJ characterizesc/
the flexibility of the beam. The greater the value of a, the
larger the deformation of the beam. An algorithm for
automatic meshing of the beam by quadrilateral elements
similar to that used for beams undergoing small defor-
mations, enables us to compute the objective function for
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FIGURE 5. Deflection curves of beams undergoing small and large deformati s.

FIGURE 6. Area under a nodal load deflection curve.

any support location. We solve for the optimal locations
using the ~-BF~s-B code for bound constrained opti-
mization developed by Zhu et al. [28J, and we use two
built-in stopping tests based on the projected gradient
and the relative reduction of objective function f to
terminate the optimization. The relative reduction of

f - 
tfk fk+1 ) 

, 

.... fk+, are thef = - (fk (V -fkll) lJhere f, a.nd f,+i are the~ = max ~~fk+n, ~~~, 1 ) where fi ~~’ ~ ~
objective function values at iterations k and k + 1,

respectively. If the relative reduction of f
~ factr*epsmch, where epsinch is the machine preci-
sion, or the infinity norm of the projected gradient
~ pgtol, the iteration is stopped. We used values of
factr = 1.0 and pgtol = le-s and computed the gradi-
ent by finite differences. A,11 variables were bounded
between 0 and I (i.e., 0 ~ x, S I ), and the level of
discretization is at least tee elements per span of the

d
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beam. We have tried different initial guesses, and all
of them resul in the same solution.
RESULTS I

~ I 
We obtaineo optimal support locations for minimum

strain energy uf to four supports. Tables II, III, and N show
optimal locat~ohs for different values of a for n = 2, 3, and
4, supports re~tively. The locations are symmetrically

’ 

placed, and as the value of a increases, the end support
locations mov toward the two ends of the beam. The

spacings between adjacent supports need not be equal, as is
the case with ams undergoing small deflections. Typical
deflection curv s for n = 2, 3, and 4 supports are shown in

Figures 5b, c, d d, respectively. An interesting feature is
that the deflecti’ n can be up or down along the length of the
beam for larg deformations. whereas the deflection is

always down for small deformations.

TABLE 11. Optim I locations for two supports (large deformations).

TABLE Ill. Optimal locations for three supports (large deformations). >.

TABLE IV. Optim~l locations for four supports (large deformations). >.

Optimal Pick-up Locations for Fabric Strips
In order to demonstrate a practical application of our

procedures, we obtained optimal pick-up locations for
fabric strips. We measured the material properties of
different fabrics with the FAST [29] system-thickness t
with the compression meter and the flexural rigidity B in
both the warp and weft directions with the bending
meter. We computed Young’s modulus E as follows:

where I = 1/12 bt; with b = width of strip. We measured
the weight density w directly. The material properties of
four different fabrics are listed in Table V. Figure 7
shows the deformed shapes of different fabric strips
when picked at optimal locations, along with strip di-
mensions and numerical values of optimal locations. We
used Young’s modulus in the warp direction Ewarp in all
results.

TABLE V. Fabric material properties.

Conclusions ’

In this paper, we have developed a procedure to solve
for optimal pick-up locations that minimize the strain

energy of strips of limp materials. We model the strips as
beams undergoing large deformations and compute the
objective function from a finite element solution. Uncon-
strained and bound constrained optimization methods are
used to solve for optimal locations. Results obtained in
terms of nondimensional numbers are applicable to a
wide range of limp materials. The effect of flexibility is
to cause the outer two locations to move toward the
outside and non-uniform intermediate support spacings.
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