MATRIX ANALYSIS OF BEAMS NCSU  J. W. EISCHEN - 1991

Single Beam Element
Stiffness Matrix Formulation

Consider a prismatic beam of length L loaded by shear forces and
moments at its two ends as shown in Fig. 1. Distance along the beam is
measured with a coordinate z, starting at the left end. Deflection, v(z),

is measured positive down following the convention in Timoshenko and
Gere.
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Fig. 1 — Forces and Moments on a Single Beam Element

The shear force and moment at the left end (end 1) are V; and M;,

respectively. Corresponding quantities at the right end (end 2) are V5 and
Mg. '
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Assuming zero transverse distributed load, the load-deflection differen-
tial equation can be integrated sequentially to yield expressions for shear
force, bending moment, slope, and deflection.

d*v
EI i 0

d3v
EI _(E:—?’- = C = —V(CC)

d’v
EId—mz- = cix +c = —M(z)

dv z?
EI% = 01-5-+CQ$+63
z3 z2
Elv = C.1€ + 62—2- + C3T + ¢4

The displacement and rotation at end 1 are denoted by v; and 6,
respectively. Corresponding quantities at end 2 are vy and 6,. These four
kinematic variables may then be expressed in terms of the constants ci,
cs, c3, and ¢, using the equations above, as follows

1

v = v(0) = Vol C4
dv 1
91 = E;(O) = EC;}
1 L3 L?
vy = v(L) = *E—I' [01? + 02—2— +c3L + 04}
dv 1 L?
0y = EE(L) = %7 [Cl 5 +C‘2L+63}
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These equations can be written in matrix form as

1

(0 0 0 &
1 18] U1
C2 | _ 1
I3 12 L 1 €3 V2
6EI 2EI EI EI C4 6

\ 36T EI EI

Solving this system of linear algebraic equations for c¢;, co, c3 and ¢4 gives'

(the reader should verify)

(12EI 6EI —12EI 6FEI
L3 L® L3 L

Ci —6g231 —AET 6E2I —2E] V1
e | L L L L 0,
C3 V2

0 EI O 0
C4 02

\EI 0 0 0 |

The shear forces and bending moments at the two ends of the beam
can be expressed in terms of the constants c;, ¢y, ¢3 and ¢4. Then, using
the result above, the shear forces and bending moments on the ends can
be written in terms of the end displacements and rotations.
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V(O) = —Vi = —Ci

12EI GEIQ 12ET 6E1
i = 73V 2~ 13 vo + T2 0o

M(O) = M1 = —C

6ET 4E1 6ET 2ET

My = ottt
V(L) 2‘/2 = —C
19E]  6EI, 12EI  6EI
“W=mus it st

M(L) = -—M2 = —ClL — C9

6EI  2EI, 6EI  4EI
Mo = ot =t 0
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These equations can be expressed in matrix form, as follows

(12 6L -—12 6L )

2 2
E] 6L 4L 6L 2L 8, Y

3
L —12 —6L 12 —6L

\ 6L 2L* —6L 4L*

The vector on the left hand side of the equation is called the “element
displacement vector,” while the vector on the right hand side is called the
“element force vector.” The 4 x 4 matrix is often referred to as the “finite
element stiffness matrix.” This particular way of arranging the force and
displacement quantities proves very useful in solving beam problems, i.e.,
for finding both displacements and reactions.
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EXAMPLES

(i.) Cantilever with a Tip Load
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Fig. 2 - Cantilever with a Tip Load

It is common to refer to end 1 and end 2 as nodes. To solve for deflec-
tions and reactions, it is first necessary to consider any known kinematic
boundary conditions and then any known external forces/moments.

BC’s
The appropriate kinematic boundary conditions for the fixed end are

'Ul=01=0

Thus, for this problem the 4 X 4 system of equations reduces to

_E'_J'_I_ 12 —6L () Va
I3\ —6L 4L? 0, M,
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External Force and Moment

The external force and moment at node 2 are
Vo=P
M, =0

Thus, the following 2 X 2 system of equations must be solved for vs

and 92,
EI_ 12 —-6L V9 _ P
L3 \ —6L 4L? 6,) — \O

The solution is (the reader should verify)

o PIL3
27 3EI
PL?

% = 3BT

Reaction Force and Moment

The reaction force and moment at node 1 may be calculated using the
original 4 X 4 system of equations,

ET
ET
M, = F[—-6L’Ug + 2L292] =—PL

These results may be verified immediately by consideration of elementary
statics.
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(ii.) Cantilever with a Tip Moment

N j M,
»

L

Fig. 3 - Cantilever with a Tip Moment

BC’s
The appropriate kinematic boundary conditions for the fixed end are

'Ul==91=0

The 4 x 4 system of equations then reduces to
E[_ 12 —6L V2
L3\ —6L 4L? 05

External Force and Moment

The external force and moment at node 2 are
Voa=0
M, = M,
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Thus, the following 2 x 2 system of equations must be solved for vy and

)
E 12 —6L () _ 0
L3\ —6L 4L? 0, - M,

The solution is (the reader should verify)

. M,L?
2T 9oFT

M,L
% =F1

Reaction Force and Moment

The reaction force and moment at node 1 are calculated by using the
original 4 X 4 system of equations,

ET
i = I3 [—12’02 + 6L92] =0

EI
My = —5 [-6Lv, +2L*0) = — M,
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(ili.) Propped Cantilever with an End Moment
(statically indeterminate)
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Fig. 4 - Propped Cantilever with End Moment

BC’s

The appropriate kinematic boundary conditions for the fixed end and
roller support are
V1 = 01 = V92 = 0

The 4 x 4 system of equations then reduces to

4E1
=0 =M
L ?
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External Force and Moment

The external moment at node 2 is

M2=M0

11

The only unknown kinematic variable is 62, and it may be solved for easily

_ ML

% =1ET

Reaction Force and Moment

Exercise

Determine the reaction force and moment at node 1 and the reaction force

at node 2.
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Assembly Procedures

The real power of the method being developed here is when two or more
beam “elements” are used together to solve more complex problems where:
concentrated forces occur in midspan, discontinuities occur in EI, or where
supports exist within the span. For example, consider the problem of a
simply supported beam with a concentrated mid-span force, as shown in
Fig. 5.

1
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Fig. 5 - Simply Supported Beam - Two Elements

This problem can be solved by “assembling” two elements. The two
elements and the forces/moments that act on them are shown in Fig. 6.







